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Abstract
Berndt and Yee (Acta Arith. 104 (2002) 297) recently proved congruences for the coefﬁcients
of certain quotients of Eisenstein series. In each case, they showed that an arithmetic progression
of coefﬁcients is identically zero modulo a small power of 3 or 7. The present paper extends
these results by proving that there are inﬁnite classes of odd primes for which the set of
coefﬁcients that are zero modulo an arbitrary prime power is a set of arithmetic density one.
A new family of explicit congruences modulo arbitrary powers of 2 is also found.
© 2004 Elsevier Inc. All rights reserved.
1. Introduction and statement of results
The Eisenstein series have been of interest to number theorists since the earliest
work in modular forms. Before deﬁning these series, ﬁrst recall the standard sth divisor
function on positive integers,
s(n) :=
∑
d|n, d>0
ds.
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We will also need the Bernoulli numbers, Bn, which are determined by the Fourier
expansion
∞∑
n=0
Bnx
n
n! :=
x
ex − 1 .
Then for each positive, even integer k, the Eisenstein series Ek is deﬁned for any
complex z in the upper half plane (i.e., z ∈ H := {z | Im(z) > 0}) by
Ek(q) := 1− 2k
Bk
∞∑
n=1
k−1(n)qn, (1.1)
where q = e2iz is the standard complex power series variable. For more background
on divisor functions, Bernoulli numbers, and the Eisenstein series, see [3].
Ramanujan and Hardy [2] paid particular attention to studying the coefﬁcients of the
ﬁrst three Eisenstein series, and their notation is adopted here:
P(q) := E2(q) = 1− 24
∞∑
n=1
1(n)q
n, (1.2)
Q(q) := E4(q) = 1+ 240
∞∑
n=1
3(n)q
n,
R(q) := E6(q) = 1− 504
∞∑
n=1
5(n)q
n.
In a recent paper, Berndt and Yee [1] proved congruences modulo small powers of 3
and 7 for seven different quotients of these Eisenstein series.
Their results are summarized in Table 1, where the ﬁrst two columns deﬁne the
functions Fi(q) for i = 1, . . . , 7, whose coefﬁcients are denoted by
Fi(q) =:
∞∑
n=0
ai(n)q
n. (1.3)
The ﬁnal two columns of the table describe the arithmetic progressions of n values for
which congruences in ai(n) hold.
Their method of proof relies on the fact that each of the series in (1.2) has the form
F(q) = 1+M
∞∑
n=1
a(n)qn, (1.4)
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Table 1
Berndt and Yee’s congruences
i Fi n ≡ 2 (mod 3) n ≡ 4 (mod 8)
1 1/P (q) a1(n) ≡ 0 (mod 34)
2 1/Q(q) a2(n) ≡ 0 (mod 32)
3 1/R(q) a3(n) ≡ 0 (mod 33) a3(n) ≡ 0 (mod 72)
4 P(q)/Q(q) a4(n) ≡ 0 (mod 33)
5 P(q)/R(q) a5(n) ≡ 0 (mod 32)
6 Q(q)/R(q) a6(n) ≡ 0 (mod 33)
7 P 2(q)/R(q) a7(n) ≡ 0 (mod 35) a7(n) ≡ 0 (mod 7)
where M is some rational number. Setting G(q) := 1/F (q) and observing that
G(q)F (q) = 1 leads to a simple functional equation for the power series of G(q),
namely
G(q) = 1−G(q)
(
M
∞∑
n=1
a(n)qn
)
, (1.5)
which when iterated gives the formula
G(q) = 1−M
∞∑
n1=1
a(n1)q
n1 +M2
∞∑
n1=1
∞∑
n2=1
a(n1)a(n2)q
n1+n2 + · · · +
= 1+
∞∑
k=1
(−1)kMk
∞∑
n1,...,nk=1
a(n1) · · · a(nk)qn1+···+nk . (1.6)
Note that if M is prime, then this is actually the M-adic expansion of 1/F (q) (see
[5] for an example). In more generality, the formula in (1.4) provides expressions for
1/F (q) modulo powers of p for any prime p that divides M . In the speciﬁc cases
examined by Berndt and Yee, the value of M is always divisible by 3 in the expansion
of 1/P (q), 1/Q(q), and 1/R(q), and is additionally divisible by 7 in the case of
1/R(q). By using both new and known identities involving divisor functions, they
obtained the stated congruences.
The ﬁrst theorem of this paper shows that the types of congruences in Table 1 are
actually quite common, as there are inﬁnite classes of primes for which almost every
coefﬁcient is divisible by arbitrary prime powers.
Theorem 1.1. Let the coefﬁcients ai(n) be deﬁned as above.
(1) If l is any positive integer, then the set of non-negative integers n satisfying
a1(n) ≡ 0 (mod 3l)
has arithmetic density 1.
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(2) If i ∈ {2, 4}, the prime p is in the set {3} ∪ {s ≡ 5 or 11 (mod 12)}, and l is any
positive integer, then the set of non-negative integers n satisfying
ai(n) ≡ 0 (mod pl)
has arithmetic density 1.
(3) If i ∈ {3, 5, 6, 7}, the prime p is in the set {3} ∪ {s ≡ 7 or 11 (mod 12)}, and l is
any positive integer, then the set of non-negative integers n satisfying
ai(n) ≡ 0 (mod pl)
has arithmetic density 1.
Remark. In each of the cases in Theorem 1.1, there are inﬁnitely many arithmetic
progressions of coefﬁcients that satisfy congruences as in the original work of Berndt
and Yee. To ﬁnd them, one merely needs to amplify the statement of Theorem 2.4
with the theory of Hecke operators. In this way, Berndt and Yee’s congruences are all
accounted for, along with many others.
The proof of Theorem 1.1 is postponed to Section 2, and is preceded by a review
of certain properties of the coefﬁcients of modular forms and speciﬁc congruences
satisﬁed by the Eisenstein series.
The case of p = 2 was not addressed in [1], but the following theorem shows that
all of the coefﬁcients ai(n) also satisfy explicit congruences modulo arbitrary powers
of 2.
Theorem 1.2. If 1 i7 and l is a positive integer, then the set of non-negative
integers n satisfying
ai(n) ≡ 0 (mod 2l)
has arithmetic density 1. Furthermore, there exists some integer w such that
ai(mn
′) ≡ 0 (mod 2l)
whenever m is a square-free odd integer that is the product of at least w · l odd prime
factors, with (m, n′) = 1.
The second part of the above theorem actually implies that there are numerous spe-
ciﬁc arithmetic sequences for which congruences hold, as in the remark after Theorem
1.1. For example, we will see later how to construct many congruences such as
a3(1334025n+ 1155) ≡ 0 (mod 24). (1.7)
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The proof of this theorem follows from the nilpotency of the integral weight Hecke
operators modulo 2, and appears in Section 3.
2. The coefﬁcients of modular forms
To begin this section, recall the basic deﬁnitions of integer weight modular forms,
as found in [4] or any other standard text. Let  = SL2(Z) be the modular group.
Deﬁnition 2.1. A holomorphic function f on the complex upper half plane is a modular
form of weight k if it has the following properties.
(1) f
(
az+b
cz+d
)
= (cz+ d)kf (z) whenever
(
a b
c d
)
∈ .
(2) f has a Fourier expansion in q of the form
f (z) =
∞∑
n=0
c(n)qn.
The space of modular forms of weight k is denoted by Mk , and is a complex vector
space of dimension at most k12 + 1.
In the current context, the most important examples of modular forms are the Eisen-
stein series of (1.1). In particular, it is well known that Ek ∈ Mk for any even k4.
For a holomorphic function f , let ordz(f ) denote the order of zero of f at z. The
deﬁnitions of modular forms and holomorphicity then imply a useful result.
Lemma 2.2. If two modular forms f ∈ Mk and f ′ ∈ Mk′ satisfy
ordz(f )ordz(f ′)
for all z ∈ H, then f
f ′ ∈ Mk−k′ .
The following basic facts are useful in understanding the divisors and congruence
properties of Eisenstein series. For notational convenience, let  = (−1 + i√3)/2 be
the unique cube root of unity in the upper half plane.
Lemma 2.3. Suppose that k2 is even. Then the following hold:
(1) Ek(z) ≡ 1 (mod 24) for all k.
(2) If p is prime and (p − 1) | k, then Ek(z) ≡ 1 (mod pordp(2k)+1).
(3) If k4 and k ≡ 0 (mod 6), then Ek() = 0. In particular, E4 has a simple zero
at .
(4) If k4 and k /≡ 0 (mod 4), then Ek(i) = 0. In particular, E6 has a simple zero
at i.
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The proof of this lemma follows from the deﬁnitions of modular forms and the
Eisenstein series, and from classical congruences for the denominators of Bernoulli
numbers (see [3,6]).
The proof of Theorem 1.1 will ultimately depend on the invocation of a powerful
theorem of Serre [8], which describes the nature of the coefﬁcients of modular forms,
i.e., that almost every coefﬁcient is divisible by any chosen integer.
Theorem 2.4 (Serre). Let f (z) be a holomorphic modular form of positive integer
weight k, with Fourier expansion
f (z) =
∞∑
n=0
a(n)qn, (2.1)
where a(n) are algebraic integers in some number ﬁeld. If M is a positive integer, then
there exists a positive constant  such that there are O
(
x
logx
)
integers nx where
the a(n) are not divisible by M .
Thus Theorem 1.1 would be proven if each Fi(q) were a modular form of positive
integer weight. However, these functions are not even holomorphic, so we must use a
more specialized argument. By Lemmas 2.2 and 2.3, it will follow that for the primes
p speciﬁed in Theorem 1.1 and any exponent l, Fi(q) is congruent modulo pl to a
modular form of positive integer weight. Serre’s theorem will then apply and give the
desired conclusion.
One ﬁnal difﬁculty that must be addressed before proceeding with the proof is the
fact that E2 is not quite a modular form over . Fortunately, this trouble is remedied
through Serre’s study of p-adic modular forms [9]. Just as Qp may be understood as
the inverse limit of ﬁnite ﬁeld extensions of Q, the space of p-adic modular forms is
the inverse limit of spaces of modular forms, where the p-adic metric on power series
is used. Here modular forms are identiﬁed by their q-expansions, and a sequence of
power series converges p-adically only if the coefﬁcients converge uniformly. For the
present purposes, the following deﬁnition will sufﬁce.
Deﬁnition 2.5. Let p be a prime number. A p-adic modular form is a function f =∑
n0 a(n)q
n
, with coefﬁcients a(n) ∈ Qp for which there exists a sequence {fi}i1
of modular forms with rational coefﬁcients that satisfy
lim
i→∞ fi = f.
If each fi in the above sequence has weight ki , then the weight of f is deﬁned as
k = limi→∞ ki . A key fact is that the value of k does not depend on the fi , and thus
the weight of a p-adic modular form is well deﬁned.
With these preliminaries, we may now state and employ a useful result [9].
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Proposition 2.6. For all positive, even integers k, and for any prime p, the Eisenstein
series Ek is a p-adic modular form of weight k.
This implies that modulo pl, an Eisenstein series Ek may always be replaced by a
modular form of integral weight.
Proof of Theorem 1.1. We now present the proof of each case of the theorem.
(1) Suppose that i = 1, and consider the function F1(q) = 1/P (q). By Proposition
2.6, P is a 3-adic modular form of weight 2. By Deﬁnition 2.5 and the deﬁnition of
uniformly convergent power series, this implies that for any positive l, there is some
modular form P ∗l (q) of positive weight k ≡ 2 (mod 3l) with the property that
P ∗l (q) ≡ P(q) (mod 3l).
From Eq. (1.2), it is clear that P(q) ≡ 1 (mod 3), and thus
P(q)3
l−1 ≡ 1 (mod 3l).
To complete this section of the proof, apply Theorem 2.4 to
1
P(q)
≡ 1
P(q)
· (P (q))3l−1 ≡ (P (q))3l−1−1 ≡ (P ∗l (q))3
l−1−1 (mod 3l). (2.2)
(2) Now suppose that i ∈ {2, 4}, so that the function Fi(q) has the form G(q)/Q(q)
for some G. First, we dispense with the case p = 3. Once again, Eq. (1.2) shows
that Q(q) ≡ 1 (mod 3). For any l, deﬁne G∗l(q) ≡ G(q) (mod 3l) so that G∗l(q) is a
modular form with rational coefﬁcients (as above, we are replacing P(q) by a modular
form when necessary). Then Serre’s Theorem applies to
G(q)
Q(q)
≡ G
∗
l(q)
Q(q)
· (Q(q))3l−1 ≡ G∗l(q) · (Q(q))3
l−1−1 (mod 3l). (2.3)
The remaining cases are when p ≡ 5 or 11 (mod 12). As before, deﬁne a modular
form G∗l(q) ≡ G(q) (mod pl) for every l. By Lemma 2.3,
E(p−1)pl−1(q) ≡ 1 (mod pl) (2.4)
and therefore
G(q)
Q(q)
≡ G
∗
l(q)
Q(q)
· E(p−1)pl−1(q) ≡ G∗l(q) ·
E(p−1)pl−1(q)
Q(q)
(mod pl). (2.5)
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A simple calculation shows that
(p − 1)pl−1 ≡
{
4 · 5l−1 (mod 12) if p ≡ 5 (mod 12)
10 · (−1)l−1 (mod 12) if p ≡ 11 (mod 12).
In both cases, (p − 1)pl−1 ≡ 0 (mod 6), and therefore by Lemmas 2.2 and 2.3, we
conclude that E(p−1)pl−1/Q is a modular form of weight (p − 1)pl−1 − 4. This is a
positive value unless p = 5 and l = 1, but in this case the quotient becomes E4/Q = 1,
and the congruences in the statement of the theorem hold trivially.
(3) Finally, consider the cases where i ∈ {3, 5, 6, 7}. Here the functions Fi(q) all
have the form G(q)/R(q), and as R(q) ≡ 1 (mod 3), an equation similar to (2.3) holds,
which proves the Theorem for p = 3.
Now suppose that p ≡ 7 or 11 (mod 12). Deﬁne once more a modular form G∗l(q) ≡
G(q) (mod pl) for every l, so that a direct analog to Eq. (2.5) holds. In order to apply
Serre’s Theorem, it must be veriﬁed that E(p−1)pl−1/R is a modular form of integer
weight. We have that
(p − 1)pl−1 ≡
{
6× 7l−1 (mod 12) if p ≡ 7 (mod 12),
10(−1)l−1 (mod 12) if p ≡ 11 (mod 12)
and in either case, (p − 1)pl−1 ≡ 0 (mod 4). Lemmas 2.2 and 2.3 again imply that
E(p−1)pl−1/R is a modular form of positive weight, with a single exception when
p = 7 and l = 1, which is the trivial case E6/R = 1. 
3. The case p = 2
In this section, the integral weight Hecke operators are deﬁned, and then their be-
havior modulo 2 is used to prove Theorem 1.2. To begin, we review the operators (as
in [6]).
Deﬁnition 3.1. If f (q) = ∑∞n=0 a(n)qn ∈ Mk , then for any prime p deﬁne the pth
Hecke operator by
f (q) | T (p) :=
∞∑
n=0
(
a(pn)+ pk−1a
(
n
p
))
qn. (3.1)
Furthermore, it is known [6] that the Hecke operators preserve spaces of modular
forms, so that f (q) | T (p) ∈ Mk .
Following conjectures of Serre, Tate proved [10] that the action of the Hecke
operators is locally nilpotent modulo 2. In other words, if f ∈ Mk , there exists
K. Mahlburg / Journal of Number Theory 115 (2005) 89–99 97
a w dimMk k12 + 1 such that for any collection of distinct odd primes p1, . . . , pw,
f | T (p1) | · · · | T (pw) ≡ 0 (mod 2).
Combined with (3.1), this leads to the following fact.
Lemma 3.2. If f =∑∞n=0 a(n)qn is a modular form of integral weight, and p1, . . . , pw
are distinct odd primes such that
f | T (p1) | · · · | T (pw) ≡ 0 (mod 2),
then a(np1 · · ·pw) ≡ 0 (mod 2) for any n that is coprime to p1p2 · · ·pw.
Proof. By induction on Deﬁnition 3.1 (as in [6]), we obtain
f (q) | T (p1) | · · · | T (pw) ≡
∞∑
n=0
qn
∑
d | m
a
(nm
d2
)
(mod 2), (3.2)
where m = p1 · · ·pw. The conclusion follows, as a(nm) is the only non-zero term in
the coefﬁcient of qn whenever n is coprime to m. 
Proof of Theorem 1.2. For any i, the series Fi(q) has the form F(q)/G(q), and we
are interested in the coefﬁcients modulo 2l for some exponent l. By the discussion
of p-adic modular forms in Section 2, both F and G may be replaced by integer
weight modular forms F ∗l (q) ≡ F(q) (mod 2l) and G∗l(q) ≡ G(q) (mod 2l). Also,
G(q) ≡ 1 (mod 8) in all cases by (1.2), and hence we may write
F(q)
G(q)
≡ F(q)
G(q)
· (G(q))2l−3 ≡ F ∗l (q) · (G∗l(q))2
l−3−1 (mod 2l), (3.3)
where the ﬁnal term is a modular form of some integral weight k. This modular form
is denoted by
H0(q) :=
∞∑
n=0
b(n)qn = F ∗l (q)G∗l(q)2
l−3−1. (3.4)
Theorem 2.4 then immediately implies the desired density result.
To prove the speciﬁc congruence claims, observe that by the earlier discussion, H0
has some degree of nilpotency that is bounded by w = [ k12 ] + 1, which also bounds
the degree of nilpotency of the image of H0 under any Hecke operator. Let p1, . . . , pw
be distinct odd primes, and deﬁne
H ′1(q) := H0(q) | T (p1) | · · · | T (pw). (3.5)
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By the deﬁnition of nilpotency, H ′1(q) ≡ 0 (mod 2), so we may set H1(q) := H ′1(q)/2,
which is again a modular form of weight k with integer coefﬁcients.
Now iterate the above process to construct Hi(q) for each 1 il− 1. For each i,
choose primes pwi+1, . . . , pw(i+1) that are coprime to p1, . . . , pwi , and then deﬁne
Hi+1(q) := 12
[
Hi(q) | T (pwi+1) | · · · | T (pw(i+1))
]
. (3.6)
The end result of this is the function Hl(q), which is a modular form with integer
coefﬁcients. Expanding (3.5) and (3.6), this means that
2Hl(q) = 12l−1
[
H0(q) | T (p1) | · · · | T (pwl)
]
≡ 0 (mod 2). (3.7)
By Lemma 3.2, we conclude that
b(n)
2l−1
≡ 0 (mod 2)
for any n that is coprime to p1 · · ·pwl, which completes the proof, as the above
arguments hold for every set of distinct primes. 
It bears noting that in the cases i = 2, 3, 6, neither F(q) nor G(q) are equal to
P(q), and thus F ∗l (q) = F(q) and G∗l(q) = G(q). We can thus calculate the weight of
H0(q) explicitly to obtain bounds on the weights of the modular forms in (3.3), which
in turn gives bounds on the nilpotency degree w in the statement of Theorem 1.2.
For example, if i = 3, then F3(q) = 1/R(q) and we have
H0(q) = 1
R(q)
≡ 1
R(q)
(R(q))2
l−3 ≡ (R(q))2l−3−1 (mod 2l).
This has weight 6(2l−3 − 1) = 12× 2l−4 − 6, and thus the nilpotency degree w is at
most 2l−4. Let m be the product of the ﬁrst l × 2l−4 primes; then since mn + 1 is
prime to m for any integer n,
a3(m
2n+m) ≡ 0 (mod 2l). (3.8)
In particular, when l = 4 and 5, then m is the product of the ﬁrst 4 and 10 primes,
respectively, and (3.8) becomes
a3
(
(3 · 5 · 7 · 11)2n+ 3 · 5 · 7 · 11
)
≡ 0 (mod 24),
a3
(
(3 · 5 · · · 31)2n+ (3 · 5 · · · 31)
)
≡ 0 (mod 25).
This veriﬁes (1.7).
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4. Concluding remarks
In this paper, simple congruence and divisor properties of modular forms were used
to prove congruences for quotients of Eisenstein series. We found inﬁnite classes of
primes for which congruences hold modulo arbitrary powers, and used the nilpotency of
the Hecke operators modulo 2 to obtain speciﬁc congruences. Furthermore, the proofs
in Sections 2 and 3 suggest that there are no such pervasive congruences for any other
moduli, for Lemma 2.3 completely characterizes the Eisenstein series modulo prime
powers (as shown by Serre [7]).
It should also be remarked that the techniques of this paper are not limited to
quotients where the denominator has the form of Eq. (1.4). For example, consider the
modular j -function, j (z) = q−1 + 744 + 196884q + · · · , which is clearly not of this
form [4]. Nonetheless, the coefﬁcients of 1/j (z) can still be shown to satisfy all of the
properties stated in Theorem 1.1, part (2), as we can write
1
j (z)
= (Q(q))
3 − (R(q))2
1728(Q(q))3
≡ (Q(q))
3 − (R(q))2
1728(Q(q))3
· (E(p−1)pl(q))3 (mod pl).
The arguments of Section 2 show that the appropriate holomorphicity and modularity
conditions are met, so the asserted congruences hold.
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